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Abstract
We present a fast volume rendering technique for sea surfaces taking into account second order scattering using

graphics hardware. To generate realistic images of the sea surfaces, accurate simulation of light transport within
water is necessary. In particular, multiple scattering due to particles in the water plays an important role in
creating realistic images. In this paper, we introduce the concept of a scattering map for efficient computation
of light scattering within water volume. In order to calculate second order scattering of light, we slice the water
volume into virtual horizontal planes and calculate the radiance from second order scattering of light at sampling
points on these planes. The radiance on the virtual planes can be treated as a texture map. This makes it possible
to accelerate the computation using graphics hardware.

1. Introduction

Rendering participating media, such as water, smoke and
clouds, is one of the challenging tasks in the research field
of volume rendering. This paper focuses on the rendering of
the sea as the participating medium. The color of the sea
is determined by the reflection of light from the sun and
the sky, scattered light due to small particles such as wa-
ter molecules, and light reflected from the bottom of the sea.
The scattered light and the light reflected from the bottom
are attenuated by the particles in the water before reaching
the viewpoint. In these optical phenomena, the physical sim-
ulation of scattering of light is necessary in order to create
realistic images. This implies that multiple scattering of light
must be taken into account for rendering the sea. To take
multiple scattering into account, one must solve the render-
ing equation, which expresses an energy equilibrium for the
light scattered between the particles. In optical oceanogra-
phy, a radiative transfer equation that is modified version of
the volume rendering equation is used. Several methods for
the clouds and the atmospheric scattering have been devel-
oped to solve this problem 11, 15, 20, 6. Although these methods
make it possible to create realistic images of natural scenes,
the computational cost is large.

In this paper, we propose an efficient method for comput-
ing second order scattering by making use of graphics hard-

ware. In the methods previously developed, images are cre-
ated by generating a number of sample points on the viewing
ray to compute the total radiance scattered towards the view-
point. In the proposed method, virtual surfaces, which we
call sampling planes, are generated. We calculate the scat-
tered radiance at points on the sampling planes. The radi-
ance distribution on each sampling plane is stored as a tex-
ture, which we call a scattering map. We compute the scat-
tering maps by using hardware color blending functions and
an accumulation buffer. Then we accumulate values of the
scattering maps into the accumulation buffer. The color dis-
tribution of the water surface is obtained by mapping the
accumulated values of the scattering maps onto the water
surface and adding the other two components: the reflected
light from the sun and the sky and the reflected light from the
bottom. Previous methods computed light scattering point
by point, whereas our method does this surface by surface.
This means that the method is well suited for hardware-
acceleration since the basic primitives of graphics hardware
are polygons.

2. Previous Work

There are many methods for modeling and rendering the
sea. Peachey presented a method that can simulate break-
ing waves and wave refractions near the shore 16. Fournier
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and Reeves proposed a method for displaying coastal scenes
by using Gerstner’s wave model 3. Ts’o and Basky demon-
strated wave refraction and represented waves by using B-
splines 23. In 2000, Gonzato and Saëc displayed the diffrac-
tion of waves 4. Tessendorf introduced a statistical wave
model that represents waves as the synthesis of sine and co-
sine waves by using Fast Fourier Transformation 22. These
methods mainly describe the modeling of sea waves.

Techniques that simulate the light transport in participat-
ing media have been proposed. Kajiya et al. used a spherical
harmonics approach 9. However, a large number of spher-
ical harmonics are required to obtain an accurate solution.
Rushmeier et al. developed a zonal method by extending
the radiosity method to take into account the participating
medium 19. In this method, a simulation space is discretized
into voxel elements and the state of the energy equilib-
rium between the voxels is obtained by solving simultane-
ous linear equations. The method, however, cannot handle
an anisotropic phase function of particles. Max improved
this method in order to handle the phase function by using
direction bins 11. This method requires many bins, result-
ing in an increase in the computation time. Blasi used the
Monte Carlo method for determining the scattering direction
of photons, but he did not calculate the scattered component
in the viewing ray. Therefore, this method cannot be consid-
ered to be one that takes into account the anisotropic phase
function 1. Max proposed a method for calculating multiple
scattering from vegetation 12. Methods for subsurface scat-
tering are proposed for rendering skin, leaves, and objects
covered by dust 5, 17, 7. These methods, however, do not deal
with rendering of the sea.

As to the simulation of light transport within the wa-
ter body, the radiative transfer equation has to be solved.
Kaneda et al. displayed a realistic water surface by solv-
ing the ratiative transfer equation 10. Nishita et al. modified
Kaneda’s method in order to take into account atmospheric
scattering, and rendered images of the sea viewed from a
space shuttle 14. In their papers, only single order scatter-
ing is considered. Furthermore, these methods have the lim-
itation that the depth is constant. Premoze and Ashikhmin
simplified the radiative transfer equation and demonstrated
the colors of the water under various conditions 18. In the
simplified equation, they did not attempt to obtain an analyt-
ical solution of the integration term of scattered light in the
radiative transfer equation. They estimated the total radiance
of the scattered light by using empirical equations and exper-
imental data. Therefore their method lacks generality. Mob-
ley developed an analytical solution for the radiative transfer
equation 13.

This method, however, requires a time-consuming precal-
culation to solve the equation, and assumes that the bottom
of the sea is flat. The proposed method takes into account
second order scattering by using scattering maps. Moreover,

L(z,θ,φ,λ) radiance of wavelength λ

L(i)(z,θ,φ,λ) radiance of ith order
scattered light

β(α,λ) volume scattering function

a(λ) absorption coefficient

b(λ) scattering coefficient

c(λ) extinction coefficient
(c(λ) = a(λ)+b(λ))

ω0(λ) albedo (ω0(λ) = b(λ)/c(λ))

c f (λ) forward scattering coefficient

n refraction index of water

Table 1: Definitions of terms and symbols.

our method can compute second order scattering of light
even if the bottom of the sea is not uniform.

3. Radiative Transfer Equation

In rendering the sea, it is very important to simulate the be-
havior of light on the water surface and within the water. The
color of the sea is calculated by the reflection of light from
the sun and the sky, scattered light within the water and light
reflected from the bottom of the sea. We assume that the den-
sity distribution of water particles within water is uniform.
For calculating the radiance of light scattered within the wa-
ter and light reflected at the bottom of the sea, the water sur-
face is assumed to be flat.

y x

z

θr

φ

mean water
surface

Figure 1: Definitions of polar coordinates (θ,φ).

Since reflection and refraction of light at the water surface
have been discussed in previous methods, we would like to
focus attention on light transported from the water volume.
The radiance L at depth z towards direction (θ,φ) (see Fig. 1)
is calculated from the radiative transfer equation (the sym-
bols used in this paper are defined in Table 1).

dL(z,θ,φ,λ)
dr

= −c(λ)L(z,θ,φ,λ) (1)

+
Z 2π

0

Z π

0
β(α,λ)L(z,θ′,φ′,λ)sinθ′dθ′dφ′,
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Figure 2: Calculation of color of sea (nz is number of sam-
pling planes).

where θ′ and φ′ are the integration variables. In Eq. (1), the
first term represents the attenuation of light, and the second
term is the component of scattered light. dr is a differential
length of optical path expressed by dr = dz/cosθ, and α is
the angle between the incoming light direction and the out-
going light direction. β(α,λ) is calculated by the following
equation:

β(α,λ) =
(1−g2)b(λ)

4π(1+g2 −2gcosα)3/2
, (2)

where g is the Henyey-Greenstein parameter. β(α,λ) satis-
fies the following equation:

Z
Ω4π

β(α,λ)dΩ = 2π
Z π

0
β(α,λ)sinαdα = b(λ) (3)

Eq. (1) can be rewritten by integrating along the optical path.
The radiance L is expressed by the following equation.

L(z,θ,φ,λ) =
Z z

0
exp(−c(λ)

z′

cosθ
) (4)

×
Z 2π

0

Z π

0
β(α,λ)L(z′,θ′,φ′,λ)sinθ′dθ′dφ′ dz′

cosθ
,

where z′ is the integration variable. However, this equation
cannot be solved directly, since the quantity L itself is in-
volved in the integration term of the equation. Therefore,
we choose an approach that uses the Neumann series. The
radiance L(z,θ,φ,λ) is expressed by the sum of each radi-
ance L(i)(z,θ,φ,λ) that represents the ith order of scattered
light. The proposed method employs the analytical solution
of L(1)(z,θ,φ,λ). We can calculate the second order scatter-
ing of light L(2)(z,θ,φ,λ), since the effect of second order
scattering is often stronger than that of a single scattering
process 21. In addition, we accelerate the computation of sec-
ond order scattering by using graphics hardware.

4. Overview of Our Method

We calculate the color of the sea by using three components,
that is, the reflected light from the sun and the sky, scattered
light within water and transmitted light reflected from the
bottom of the sea (see Fig. 2). For the scattered light, sin-
gle and second order scattering are taken into account. The

scattering map

radiance map 1

volume-scattering
-function map 1

radiance map 2 radiance map nd

volume-scattering
-function map 2

volume-scattering
-function map nd

attenuation map

Figure 3: Calculation of scattering map (nd is number of
sampling directions).

radiance due to single scattering can be calculated analyti-
cally 14. On the other hand, the radiance due to second or-
der scattering reaching the viewpoint is computed by using
numerical integration methods since analytical solutions are
almost impossible. In our method, sampling planes are gen-
erated for the numerical calculation. Then we calculate the
radiance distribution on each sampling plane and store it as a
texture. We call this texture map a scattering map. The scat-
tering maps store the radiance due to second order scattering
towards the viewpoint.

The scattering maps are obtained as follows (see Fig. 3).
The radiance due to second order scattering reaching the
viewpoint is calculated by multiplying two factors. These
two factors are the radiance due to second order scattering
at a point on the sampling plane, and the attenuation ratio
between the point and the viewpoint. The radiance due to
second order scattering towards the viewpoint is computed
by the integrating the product of the incident radiance due to
single scattering towards a point on the sampling plane and
value of the volume scattering function. To create the scat-
tering map, we prepare three maps: the radiance map, the
volume-scattering-function map and the attenuation map.
The radiance map stores the incident radiance due to sin-
gle order scattering at points on the sampling planes. The
volume-scattering-function map stores a value of the volume
scattering function for each phase angle, and the attenuation
map stores the attenuation ratios between points on the sam-
pling planes and the viewpoint. As a result, the scattering
map is generated by using three maps. The radiance due to
second order scattering is calculated by accumulating values
of the scattering maps into the accumulation buffer.

The reflected light from the sun and the sky is computed
by using the reflection mapping technique. That is, a texture
that stores the intensities of the sun and the sky is mapped
onto the water surface.

5. Calculation of the Color of the Sea

Suspensions within water are the main cause of light scatter-
ing within water. This is the reason why the color of water
is bluish. We first propose a calculation method for the color
of the sea by assuming that the depth of the water is con-
stant. In regions far from the seashore, this is a reasonable
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Figure 4: Calculation of scattered light.

assumption and here multiple scattering strongly influences
the color of the sea. In this case, there is an efficient way to
compute the multiple scattering. On the other hand, for re-
gions near the seashore, the method is extended to handling
the case where the depth is not constant. In the shallow re-
gions, multiple scattering is less important and therefore the
multiple scattering is evaluated approximately by generating
discrete sampling points.

5.1. Single Scattering

An analytical expression has already been obtained to de-
scribe the color of water taking into account single scatter-
ing 14. As shown in Fig.4 (a), let S be an intersection point
between the water surface with the sunlight, let Q be an inter-
section point between the bottom of the sea and the refracted
sunlight, and let P be an intersection point of the water sur-
face with the viewing ray. The sum of the radiance Ls of the
light scattered at points on path QP is given by the following
equation.

Ls(zd ,θii,θio,λ) =
Lsun(λ)Ti(θii,θio)To(θ jo,θ ji)β(α,λ)

(cosθio + cosθ ji)c(λ)(1−ω0(λ)c f (λ))
(5)

×(1− exp(−zdc(λ)(1−ω0(λ)c f (λ))(secθ ji + secθio)),

where λ is the wavelength, at RGB in this paper, zd is the
depth of the sea, Lsun is the irradiance of the sun, Ti and To

are the transmission ratios at points S and P, respectively,
θii and θio are respectively the incidence angle and refrac-
tion angle of the sunlight, and θ jo and θ ji are respectively
the incidence angle and refraction angle of the viewing ray
(see Fig. 4(a)). ω0 is the albedo and c f (λ) is the forward

scattering coefficient (see Table. 1). c f (λ) is computed by

the following equation, 2π
R π/2

0 β(α,λ)sinαdα. Snell’s law
allows us to compute the refraction angles θio and θ ji by the
incident angles θii and θ jo, respectively. Therefore, the parts
of Eq. (5) except β(α,λ) can be regarded as the function of
θ jo,θii and zd . When the depth zd is constant and the di-
rection of the sun is fixed (i.e. the angle θii is fixed), those
parts are the function of θ jo. Therefore, for efficient compu-
tation, we create a look-up table that stores their values at
each angle θ jo. This table is updated when the sun direction
is changed.

5.2. Second Order Scattering

We employ a numerical integration method to calculate the
second order scattering. As shown in Fig. 4(b), nz sampling
planes are generated for the integration. Let Pk be a point on
the viewing ray, let L(1)(zk,θ,φ,λ) be the incident radiance
at point Pk from direction (θ,φ), and let zk be the depth of
point Pk. L(1)(zk,θ,φ,λ) is the sum of the scattered radiance
at points on a sampling ray qm (see Fig. 4(b)). Then the ra-
diance L(2) at Pk of the light due to second order scattering
is obtained from the following equation:

L(2)(zk,λ)=
Z 2π

0

Z π

0
β(α′,λ)G(zk)L

(1)(zk,θ,φ,λ)sinθdθdφ,(6)

where G is the attenuation ratio between point Pk and the wa-
ter surface, and is expressed by exp(−c(λ)zk secθ ji). An an-

alytical solution for L(1)(zk,θ,φ,λ) is expressed by the fol-
lowing equation.

L(1)(zk,θ,φ,λ) = L∗(θ,φ,λ)[exp(−c(λ)zk secθio) (7)

−exp(−c(λ)zk secθ)], (0 < θ≤ π/2)

L(1)(zk,θ,φ,λ) = L∗(θ,φ,λ)[exp(−c(λ)zk secθio)

−exp(−c(λ)(zd secθio−(zd−zk)secθ))], (π/2 < θ < π)

L∗(θ,φ,λ) =
Lsun(λ)T (θii,θio)β(α(θ,φ),λ)

c(λ)(1− secθio cosθ)
.

To compute Eq. (6), we discretize θ and φ. Eq. (6) can be
rewritten as follows.

L(2)(zk,λ) = G(zk)
nd

∑
m=1

β(α′(θm,φm),λ) (8)

× L(1)(zk,θm,φm,λ)sinθm∆θ∆φ,

where ∆θ and ∆φ are the sampling angles, (θm,φm) is the
mth sampling direction and nd is the number of sampling
directions.

The scattering map for each sampling plane is generated
by calculating Eq. (8) for nd sampling directions (see Fig. 3).
We create the scattering map by using three maps: the radi-
ance map, the volume-scattering-function map and the at-
tenuation map. The radiance map is generated by calculat-
ing Eq. (7). The radiance map is a three dimensional tex-
ture whose parameters are z,θ, and φ. If the sun’s position
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Figure 5: Calculation of light reflected from bottom of sea.

is changed, only the radiance map has to be updated. The
volume-scattering-function map is generated by calculating
β(α′(θm,φm),λ) for each phase angle at point Pk. The phase
angle α′(θm,φm) is the angle between the incoming light
direction (θm,φm) and the outgoing direction towards the
viewpoint (see Fig. 4(b)). The volume-scattering-function
map is a one dimensional texture whose parameter is the
phase angle α.

The attenuation map is created by calculating G(zk). The
attenuation map is a one dimensional texture whose param-
eter is the length zk secθ ji. We multiply the radiance map
by the volume-scattering-function map for nd directions and
accumulate the values of the multiplied two maps into the
accumulation buffer. Then the scattering map is obtained by
multiplying the attenuation map by the accumulated values.
The multiplication is accelerated by using color blending
functions.

The radiance due to second order scattering is obtained by
accumulating the values of the scattering maps into the accu-
mulation buffer. The color of water is obtained by summing
the radiance due to the scattering, the reflected radiance from
the bottom of the sea and the reflected radiance of the sky
and the sun at the water surface.

5.3. Calculation of Light Reflected from the Bottom

This subsection describes the calculation method for the
light reflected at the bottom of the sea. The reflected light is
attenuated due to water particles before reaching the view-
point. Since we assume that the water surface is flat, the re-
fracted sunlight is parallel. Therefore, the radiance L′

sun(λ)
of the sunlight reaching point Q is calculated by using depth
zd in Fig. 4(a). The attenuation ratio between PQ is ex-
pressed by exp(−c(λ)zd secθ ji). Radiance of the reflected
light, Lr, is calculated from the following equation.

Lr(zd) = To(θ jo,θ ji)L
′
sun(λ)Kd cosγexp(−c(λ)zd secθ ji),(9)

where Kd is the reflectance of the bottom of the sea, γ is the
angle between the refracted sunlight and the normal of point
Q (see Fig. 5).

sun viewpoint

water
surface

bottom of sea

sampling plane

PkP’s Ps

sampling point

QPs sampling
directionQP

Figure 6: Sampling planes and sampling points.

5.4. Calculation Method for the Non-uniform Bottom

Let us now discuss the calculation method in the case that
the depth of the sea is not constant. We represent the bottom
of the sea as a height field. We first describe the calculation
method for reflected light from the bottom. In order to cal-
culate the light reflected from the bottom reaching the view-
point, it is necessary to calculate the depth of point Q, which
is the intersection point between the refracted viewing ray at
P and the bottom of the sea. Then we substitute depth zd of
Eq. (9) for depth zQ (see Fig. 5). The calculation method for
the single scattering light is almost the same as the one for
the reflected light. That is, the radiance LS is calculated by
substituting zd of Eq. (5) for depth zQ (see Fig. 5).

The calculation method for the second order scattering,
however, is not so simple. The total radiance reaching point
Pk from direction (θ,φ) is the integration of the radiance
along QPPk (see Fig. 6). Therefore, we have to calculate the
intersection points between all the sampling rays and the bot-
tom of sea. However, this requires a large amount of com-
putational cost. In order to reduce the computational time,
we pre-calculate the intersection points and store their depth
in advance. The depths are used for computing the incident
radiance at Pk by using Eq. (7). To achieve this, we gener-
ate sampling points Ps on each sampling plane as shown in
Fig. 6. Then we calculate the intersection point QPs between
the bottom of the sea and the sampling ray in the direction of
(θm,φm) from point Ps, and store the depth of QPs in a table.
The depths for all the sampling directions are calculated in
advance and stored in the table. Using this table, the incident
radiance at point Pk is obtained efficiently. That is, for each
sampling direction (θm,φm), the depth value is interpolated
by using the corresponding depths of points Ps and P′

s stored
in the table. Then the incident radiance from the direction
(θm,φm) is computed by using Eq. (7).

6. Examples

Fig. 9 shows examples of natural scenes. In Fig. 9(a), only
single scattering of light is taken into account, whilst sec-
ond order scattering is taken into account in Fig. 9(b). As
shown in Figs. 9(a) and (b), the color of the sea becomes
more bluish when taking into account second order scatter-
ing. This fact indicates that multiple scattering is important
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for the sea. Fig. 10 shows examples of a natural scene in
a tropical region. These figures are also rendered taking into
account second order scattering. The color of the tropical sea
is simulated by changing the extinction coefficient of the wa-
ter particles. Clouds in these images are rendered by using
Dobashi’s method 2. In Fig. 9(b), clouds are rendered taking
into account multiple scattering.

Fig. 11 shows examples of the seashore. The bottom of
the sea is not flat in this case. We can observe color varia-
tions of the water due to the depths of the water bottom. In
the shallow regions, the color of the water becomes brighter
since the influence of the bottom is significant. Fig. 11(b)
shows the comparison under different conditions. The mul-
tiple scattering is taken into account in the top row and
only the single scattering is taken into account in the bot-
tom row. The depths of the water bottom in images on the
right are deeper than those on the left. The maximum depths
are 7.9[m] in the left images and 39.9[m] in the right images,
respectively. The color of the bottom is significant when the
water is shallow. The multiple scattering does not seem to be
important in this case. It becomes important when the bot-
tom becomes deeper. When the bottom is deep enough, the
color of the bottom becomes less important and the varia-
tions of the depths can be ignored. This implies that the as-
sumption in our method is valid, that is, the bottom of the
water can be assumed to be flat in the deeper regions. As
shown in these images, the proposed method can create very
realistic images when taking into account second order scat-
tering.

Water waves are generated by using the statistical wave
model proposed by Tessendorf 22. We obtained the values
such as scattering coefficient and extinction coefficient from
the book 13. A desktop PC with a Pentium III (1GHz) proces-
sor is used to create these images. This machine has an In-
tence3D Wildcat4110 as the graphics board. The rendering
times for Figs. 9 and 10 are about 0.5 seconds. The rendering
time for Fig. 11 is about 2 seconds since the bottom of the
sea is not uniform in this figure. The precomputation time for
creating the textures is about 1.5 seconds. The precomputa-
tion time for the look-up tables of depths for non-uniform
depth is about 30 seconds. The computational time for sec-
ond order scattering in Fig. 9(b) using hardware is about 0.14
seconds. The computational time for second order scattering
using software is about 30 seconds. That is, the method using
hardware is 200 times faster than the method using software.
In our experiment, we have rendered the sea very efficiently.

6.1. Estimation of Sampling Numbers

The proposed method uses sampling planes and calculates
the radiance due to second order scattering numerically for
different sampling directions. Therefore, the accuracy of
the radiance due to second order scattering depends on the
number of sampling planes and sampling direction. We de-
termined the optimal values for these numbers experimen-

tally. Let L(2)
v (nz) be the radiance of second order scat-

tered light towards the viewpoint and nz be the number of
sampling planes. We calculate the maximum difference be-

tween L(2)
v (nz) and L(2)

v (nz +1). The optimal value is deter-
mined when the maximum difference becomes smaller than
a threshold ε (we choose ε to be 0.0039(≈ 1/255) since most
graphics hardware stores the RGB values for each pixel with
8bit precision). Fig. 7 shows the relationship between the
number of sampling planes nz and the maximum difference

between L(2)
v (nz) and L(2)

v (nz + 1). nd can be determined in
the same way (see Fig. 8). The number of sampling planes is
12 since the difference is less than ε as shown in Fig. 7. The
number of sampling directions is 128. In our experiment,
the resolution of the scattering maps is 32×32 in the case
that the bottom is uniform. That is, the radiance of 32×32
points on each sample plane are calculated by using scatter-
ing maps. In the case that the bottom is not uniform, we used
the resolution of the scattering map as 64×64.

7. Conclusion and Future Work

We have proposed a new method for rendering the sea tak-
ing into account second order scattering. We have intro-
duced the concept of scattering maps for efficient compu-
tation by using graphics hardware. The conclusions that we
have reached regarding the application of our method are as
follows.

1. Second order scattering is calculated by compositing the
scattering maps.

2. Graphics hardware functions such as an accumulation
buffer and texture mapping are used for the acceleration
of the computation.

3. The proposed method can evaluate second order scatter-
ing efficiently even if the bottom of the sea is not con-
stant.

Our results indicate that multiple scattering is important for
an accurate rendering of the sea.

In our future work, we want to take into account higher
order scattering. The diffusion method has been recently
introduced for rendering 7, 8. Therefore we want to render
the sea by using the diffusion approximation and accelerate
the computation by using graphics hardware. Moreover, we
want to render foam and spray since these effects increase
realism in the images of the sea.
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(a) single scattering. (b) multiple scattering.

Figure 9: Examples of natural scenes.

(a) daytime. (b) sunset scene.

Figure 10: Examples of natural scenes in tropical regions.

(a) seashore in daytime. (b) comparison under different conditions
(top left: shallow, multiple scattering,
top right: deep, multiple scattering,

bottom left: shallow, single scattering,
bottom right: deep, single scattering).

Figure 11: Examples of the seashore.
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